Regularization Methods in Non-Rigid Registration :II. Isotropic Energies, Filters and Splines by Cachier, Pascal & Ayache, Nicholas
HAL Id: inria-00072344
https://hal.inria.fr/inria-00072344
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Regularization Methods in Non-Rigid Registration :II.
Isotropic Energies, Filters and Splines
Pascal Cachier, Nicholas Ayache
To cite this version:
Pascal Cachier, Nicholas Ayache. Regularization Methods in Non-Rigid Registration :II. Isotropic









   



















ap por t  
de  r ech er ch e 
THÈME 3
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Regularization Methods in Non-Rigid Registration:
II. Isotropic Energies, Filters and Splines.
Pascal Cachier, Nicholas Ayache
N° 4243
Août 2001
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
 
		  






























































































































































































































































































+ ,.- D Ï ÐV0/ Ï - 1
2 ,  Ï D Ï43 /O657/98 Ë  Ë - 0/© ;: #Ð'`0/O=< Ï  ¾ >
E¤v ?¸oRaZb!@9lLhj^`b
alLhjnpm¥lL'²b% #f`nph{nvoRf`x ¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ A
E¤  egx{oVh{k{oRi« ¤1¤¤1¤¤1¤1¤¤1¤¤¤1¤¤1¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ B
E¤ c µnvkxh~qDC k{ytb%ke³²\´\µ ¤1¤¤1¤¤¤1¤¤1¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ B





H ,  Ï D Ï43 /O=I Ï -KJ Ï /0/ Ï - <L/  Ë ¦NM Ï PO Ë V Ï Q<L/ Ë XÐ R
c¸¤v µnvkxhSC k{ytb%kegx{oVh{k{oR`nvm1µnpph{b
kx¤¤1¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ 
c`¤vV¤v ²b%k{n¡£LlLhjn¡£Rb%xoV #k{x~hq¯oRk{ytb%k5e³²\´\µ ¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ 

















c`¤ E¤  5b
xoRv¸hjnpoRf=npfhj^tb1µ#oRtknvb%k5²oRalVnpf ¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ 








c`¤ c¸¤  @=`ph{n¡q¯oRk{ytb%k #ph{b
kx¤¤1¤¤1¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ 0A





c`¤ `¤v ²b #ftn¡hjnpoRftxZ¤1¤¤1¤¤¤1¤¤1¤1¤¤1¤¤1¤¤¤1¤1¤¤1¤¤1¤1¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ B









1 O Ë V Ï /O WVÅtX/X%<  - V0/ Ï - YM Ï 6< Ë ` ' Ë[Z Ï / -   `\]/ -_^ + R
`¤v egfh{b
k.oRvlLh{nvoRf=lVfty@ttk{o¥­¸npaUl¦hjnpoRf=©oRk`?Em¥lVvlVk{xIlVf`ybab%m%hjoVk{x ¤¤¤1¤¤1¤¤1¤1¤¤1¤¤¤ T












> I Ï -  X/ Ï - 2d1
 e Ë  Ï - Ð Í.f LÐ Ë  , 5g:%< 2 >
V  Ë  ^ / -_^ <L/© Ë ¦ - ÐhVÅ#X/O%<  - V0/ Ï - 2 >
i_ikj"lnm)opm.q










































































































































































































































































































L_NQPML_N3PX`E aNcbZdfehg iUj L_N3P!LONkPlEm1fL_enP'4 oqp1fL_ihP'4o
5 Ësr - /©0/ Ï - +ut+v Ë -  Ï _w  F x +y` # {z>|~} P '
  ;+yL#"kQ )2|~}  	'
	 F#
 	2s   	 '#xSNfN N"T^=}U2s)=}_Uz!)    " QyXn# Q =  +y
 E13 ON¡4
=^/ 13254   VyX ¢  £W 	_¤` y ¦¥ x      	n  '   
>¥ x§N  N¨E ONc*C©CCI ONªZx«¬+ ª
­  F§®13z¯R24    ;+y    ' )(
5 Ësr - /©0/ Ï - 2%t 5b/8 Ë  Ë - 0/O  v Ë -  Ï _w±°  `
  "p "# k² "k²"¨LON  NnP³N ´ Q+y% µ²"F,¶  #£· +y
#"kQ <2¸yX¹  Q' Y+y®13z£pº}RU254N " #P  .z¯»'   #  #" ¼	  " ' N+y· (
5 Ësr - /©0/ Ï - H%t : tÐ`0/O6M Ï  ¾ Ï M5 Ë -  Ï L³w ­ PF½H13zqRU254Q %!+y<¾¿  #"  ".yX¹ +y
F 	¸x=À®13zqRU254$   "  7	'
 '#  	Á2 o  5  	¸ÂN  N  *+   H1QT¬ÃnR¬ZÃh4Á=Ä}_2 o 
'Å=u}UzM)    "
Â1QxB47EÂÆN+ N  *+   xSN  N  x*+  
 £ÂN  N  *+   EÂ*+   N+ N  (
Z  Ï43TË D Ì +  cyÂH=Ç½H13zqRU254Èx~=^®µ13zqRU254  "#  =^/ 1Q24	
 A ¥ Â«1kx¨4 `EºÂ«1 ¦¥ xB47EÂN  N *+ fZ sN¬Ã¹C©CCI ON¿Ã ¢ ¢*fÉIÆCC©CÊ ¢ªÉÊ¢ ON  N *+ fhx'Ã  Ã hx!ÉI  É¡
]^tnpx@vlVxh5©oRkatvlJx{^toD5xIhj^#lLhh{^tbËÂÆN  N  ¬+   ©oVk{alÅh{b
ftxoRk5oVoVk{ytb%kBÌ¢z¤
Í*Î{Ï ÐªÏÑZÒMÏÓ³Ô j Ô¹Õ j ÏÏÓÕfÔÓZÖØ×QÕªÖ j¢ÙÚ ÖØ×3Û¨ÜÏ+ÕQÒMÏ Ï jBÝ ÔKÞUßÐfÖØß j ÕÈß j Ó Ý Ô j ÕfÐ¬ßUÞUßÐfÖØß j Õ Ý ÔhÔÐ¬ÓZÖ j ßKÕªÏ×à
i_ikj"lnm)opm.q




5 Ësr - /©0/ Ï - 1t',  Ï D Ï43 /X" Ë -  Ï ¦¢w  ' ¨xÄ=u®1Qz¯RU254Y Y 
Y yN; %² "p "   	g "
p  n "]  " n +y   ' 	W()(  y7yX  " 	6   n "y¹  ?±E13?N¡4
=;: 1Q24	
? ¥ x%Eºx
	   
	
(
x!N   N  E
	ÆN    CCC	¿N    x     1QTCC©CÊT  4= }_U2s 
5 Ësr - /©0/ Ï - >   	
.¾¿  #"  "'yX  +yL  Vz¯»'   # `#" ¼	  "nF S+yL $²"F'¶  #! "	
 " #% 	
 #" ¼	  "'¾¿  #"  "qyX¹  $"(K  h qyX  "b 	
SF  +y
 # BÌ¢z£pÇÌd(
v \ ËÏ  Ë  + Sg 
 F  +y  # z_z ²"   "  Ë p'  ! P " ¢   " +y
 z«1ªÌ¢ o 13z_Ì_4Ø4 
	)#4N+y  	"! ' 	$#¹N&%¬N('.( °     	Y 
F  +y  # z z








































Â13·Z4E% =C h{kZ1A@ · A @£·Z4{p   o C h{kZ1A@ ·B@£·Z4{p  C>hC h{kZ1,@£·³4 o ± ¶
5n¡hj^
h{kZ1A@ · A @£·³4 E L_N3P¹LONQPÆ
h{kZ1A@ ·B@£·Z4E L_N3P¹L¢ÆP³N ± R¶
































 N©g  p   o C>N©g ¢C	

 g N pu C>ZC¦Ncg N¬C	
  g 
5^tb
kb	 














2   Èpu  o pu2]CÊ C>	
 Ncg  p	
 +g N RZ13TR¬54= }_U2s¹o¿RUTEÇ  =p   o	
 Ncg  	






























































































k e³² ´µ oL§l;£Vb
mhjoRk  #b%vy ·Ru¬b m





Â13·³4VE%  C  ¿13·³4Èp   o C  o 13·³4Èp  ?>ZC  >¢13·³4Èp   ³C  n13·³4Èp  hC ³13·³4
5n¡hj^
  ¿13·Z4E LON¿P¢Ã¿L_N¡ÆPnÃ
  o 13·Z4E LON¿PÆL_NÃ¿PnÃ  >¢13·Z4E LONDN3PÆ¹LsÃUÃhP
  n13·Z4E LON¿P¢Ã¿LsÃ¬P³N
 ³13·Z4E LONDN3PÆ¹LsÃ¬ÆPnÃ
 +B/1'0%2 * 	% 8:%'(
















	 1Q·³4VE ·  op	n13·³4 ± ci¶
5^tb























+§	 - .-O 12 3B42 _-7 5 B 
-  "¬45-













 Ì @ @ A ·
L_N3PZNkL³¿P  











# !¸·p%$ @ @ A ·¨E&  · ± ¶

















mhjnpoRfº¸¤ tu#7bx{^toVtvy=ms^toEoRx{b$  suS  o lLfty  C>xoUh{^#lLh. ={p   o | !`u] =




oRfty`nph{nvoRf`x7oRf # lLfty $8
# | !$ |  #

































x ± Ñ npb
px{b%f
b%h@lVO¤vu/XTTV¶r¤
µ#oRkbr­tlLa`vbLu ± c7k{lVy`«¿lVfty U@oRkf&u7XTRRci¶ x{^`o¬b
y¾h{^#lLh1hj^tbx{¢#lLk{b
yÈ'lV`ªlVm%nªlLf1fL_eKe¢PµpºL_iihP'4 o





















































kwV« ± ci¶utnO¤ bV¤Thg7oZnpfhj^tb £Vb
m%h{oRk{nvlV
m¥lVxbV¤
H+  H 













·s1{4  ·1	µ4!¸·s1{4   1	 A 	µ4 ·s1










khjk{lVftx©oVk{a oVË·R¤T¢EtlLhjnpoRf ± ¶¬hjk{lVftx~©oRk{aZx5nvfh{^tb1µGoVtk{npb
k5ytoRalVnpflVx 8
 },p # 1	 A 	4egy$p%$,1













f`wVhj^8  },pCc1	 A 	4  egy0p1		 A 4 
 !" #$ 
·¨E 
i_ikj"lnm)opm.q
D   (&  	 (
	  
5nph{^  | !lVfty l|  }R¤]oxoR¡£Rbhj^tnpx@b%¢#lLhjnpoRf&ut¬b^#l¥£RbhjoZnpf£Vb
k~hhj^`b\aUl¦hjk{nÉ­2 8
   E }1 },pÈC 	 A 	4Æ1 }p {1 }p]4C 	 A 	4















H+  1 ,  3 O Ë 




µnpwRtk{b9 8    Q	  "   +yP    	»

 p9&   kS
S   	'
   +yq¶&F	! "	
 ²"  +y   ^¶&'	      
²"FÁ¶  #     n6  '
0yX
 %   " 
   b Q¢²"#Q'Q  














































































































































    Ý ZÑ	
 
µnpwRtk{b" 8 °  6   S
 6+y%kS
S   	'
  6+y¶&	f» # % 	











H+  > ,  Ï D Ï43ÆÌ J   
Ï D`0/ Ï - ,.-KJ ` /© -  Ë
µnvwVtk{bc8  US
Sn '









































   (&  	 (
	  
+§	¬ È!,( 3$/0153B42 _- ¨+ -<"¬54-




































`hjlV®tpbk{lVftwRb%x©oRk # lVfty $¤
]^`bvb hab%a®Bb







 <1kx!Ncg +g ÃÆ4VE # C¡x!Ncg +g Ã¢C	 
 Ncg  g Ã p%$VC¡x!N©g  g ÃZC	 
 Ncg +g Ã
5^tb
kb	 
 N©g  g Ã npxhj^tb\h{b
ftxoRk5^toRx{b1oRft¡«ftoVf¸qg%b
k{oZb%vb%ab%fih npx 	 









 Ncg  g Ã  	
 Ãg  g N  R+13TR¬_R¹Å«4=u}_U2s > RUT %Å #  $
	
 N©g  g Ã p	
 Ãg  g N  R+13TR¬_R¹Å«4=u}_U2s > RUT %Å # p $
	 
 Ncg  g Ã R 13TR*4= }_U2s o # p $
]^tb









H 2 2 










{4  ·1	4! o ·s1
{4  1	 A 	µ4 o ·O1	4!µC<@ @ A ·s1
{4  	 A 	¦1











 },p{1	 A 	4 o egyHp 1
	 A 	µ4¿1		 A 4
 !" #$ 
·BE 
5nph{^ µE # | !lLfty <E $  # |  }R¤](ox{oR¡£Rbhj^`nvx5b
¢#l¦hjnpoRf&ut¬b^#l¥£Vbh{oUnpfi£Rb%kh@aUl¦hjk{nÉ­ o 8
  o E
}
1 },pÈC1
	 A 	µ4 o 4Æ1 },p{1 },pS4¹C1
	 A 	µ4 o 4









H 2 H ,  3 O Ë 































	    ÜZÑ	
    Ý  ³Ñ
	 
 
µnpwRtkb\=8 °      S
  +y kS
S   	'




f   !lVkbyttbhjo h{^tbIlVk{®`nph{kjlVk~«Åa`ph{nvtpnpm¥lLh{np£Vb@m%o¸bÄUm%nvb%fih
tx{b%y¼©oRkZ£¸npx{tlVvnp¥l¦hjnpoRf¼ttk.oVx{bV¤4]^tnpxytoEb
xftoVh"ab























































	  13·³4VE # CDL_N   N  P³N´  L_N   N  P³N´  p%$VCIL_N   N  P³N´  L_NU´  N   N  P³N  ± GR¶
]^tb1vnpftb¥lLk5©`ftm%h{nvoRf=lVxx{oEm
nvlLhjb%yh{oZh{^tnpxI¢#lLytkjlLh{nvm©oRka;npx
 1QxB47E # CÊxSN  g NØU´  	 
 N g N U´  p $C¡xSN  g NU´  C	 
 N ´  g N g Nhg N#
5^tb
kb 	 

















 N g N ´   p	 
 N U´  g N g Nhg N  R 1QTRhCC©CRUT    4
= }_2  
 RUT. ÇT    # p%$	
 N  g NØU´   	
 NØU´  g N  g N  g N   R 1QTRhCC©CRUT    4
= }_2    RUT. ÇT    #  $	





















·O1{4  ·1	µ4!  ·O1{4  1  }³4  1	 A 	4  ·1
	4!    1A@ @ A 4 ·O1{4  1  }³4  1	 A 	4    1





x ± xb%h{h{nvf`w # E =lVfty $;E G¶ 8
 }pÈCc1	 A 	µ4   egy0p 'Cc1	 A 	4    1
		 A 4 
 !" #$ 
·¨E 
](ox{oVp£Vb1h{^tnvx5b%¢EtlLhjnpoRf&ut¬b^tlD£Vb1h{oZnvfi£Rb%khIhj^tbalLh{k{nÉ­  8
   E
}
}pÈC1
	 A 	4  egy
  1	 A 	4   
1+},pÈC1

































 }³4   #  C !  ·,p%$  C !    C@ @ A ·  E%·  



















  #  1
	 A 	µ4  egy0p
 a





























































































B   (&  	 (
	  
H 1 + 5 ËOr - / 0/ Ï - 
5 Ësr - /©0/ Ï - %t',  Ï D Ï43 /X6<L/© Ë ¦¢w   "  "¯¶&'§P1
{4 _6 8 9  6 8    	
 yS&  ² "p "  	P	 "   "#Y 	n¸Qp&()(S y
P1f? A {4VEP1{4 M? =;:<13254
m²"'{¶&'  S 
` y` ! p 1{4VE <1kYRhC©CCRY 9 4 O6 8 9  / 9   ² "p "   	! " "#  	n¸Qp¿¤












5 Ësr - /©0/ Ï -t e Ë 3 tt  Ë <L/  Ë L³w   "  "! pnP14EP1QYR¿C©CC©RY 9 4O6 8 9  6 8  &'
  "    y  	Y   2¸y¹n P¢Ã0¯Å =u}_U2s) 7   "¬¤
P1
{47E P ¿1QY4¹CØP o 1QY o 4¹C©CCØP 9 1QY 9 47E
9Ã   PnÃ1QYSÃ¿4
 ²"F¶&F14.E <1kY¹RhCC©CRY 9 4 6 8 9  / 9  !'
  "      N  	Q   ¨2
> y¹n ËP 
 Ncg Ã 
13TR*_R¹Å«4






 9 Ã   P 
 *g Ã 
 9 Ã   P 
 *g o Ã  
 9 Ã   P 
 *g 9 Ã
 9 Ã   P 
o g Ã (((((( (((
Ë9Ã   P 
 9 g Ã   
9Ã   P 







































Z  Ï43TÏ X/ 0/ Ï - + °  Ë²"F¶&'¹g 7# Q¶&#  	
g s1
{4VE }1 
 ÌÈ4 9 1 },p]4 1' # 9 p


 o C C  A 4¹C  !#"  ± R¶
  '















































 Ì{4 o 1 }  ]4
 }  ÈCÊ[ o   'CÊYCÊ[= 






















H 1  2 I Ï  3 'D¸0/ Ï - Î / 0\: O#
X/XR  (¥)/O - r   Ë L
Z  Ï43TÏ X/ 0/ Ï - 2  y§ `' 1{4VE	
{1   A  «1fÌ 
 o 44 «1 
  ÌÈ4 9   S¹  "#S2]»D#"kQ  "
 "  ";   " !    "# Q ! "Á  "     Q+yS #» #  # pk² "k²"
 VyX ¢  P  "   #¿¤
g s14E 14C #p 


































H 1  H ,  3 O Ë 

























  ß  ³Ñ
	    Ü ¢Ñ
	   Ý  ¢Ñ	 
µnpwRtk{b A?8  KS
S   	'
   +y #" ¼	 '
  "      	
Ë²"F¶&'	g  0" n  ") 
 Y   " "  " ;   "0¶&'p  F£²"'	¤
i_ikj"lnm)opm.q
D   (&  	 (
	  
+§	#"  (   ¨"  !«+(Ä5 V























&¤(½*bÇ^#l¥£Rb¬k{tf1hj^tbÇk{b%wRnvx~hjk{lLhjnpoRf5n¡hj^`oR`h ±  E !i¶/lVfty5n¡hj^m
k{oVx{x~q¯b%°.b



























µnpwRtk{b%B 8 °  [	 Y  " 	[ #b'g   % "	@Q¢²"#)y. "% 
  "p (` 
+y 	   " V   ¢n   Qyp(  "#      & 	»Q¼«¶&'  (<­7  ¢n;	»Q¼9  k»
   "   	  p  "]¢ 9# !  Y   "#Q  	       ²"p "_# QyX¹  "(
­7  	»Q¼9&    "' "  3 g  %   Y¢S
 ²" " 	 F6¢S
  ) "'   




















































D.	  O(54 $"+7+( ( 3     5   (K%
M" 5- ,( 3 ÈS5-








































a lVx  !`¤ ± c7b%x{npytb
x%ulVxytnpx{m
























x 	 EA a N   MN





b  'N  xH1
'NQ4   o nvxJkb
tvlVm
b%y®«¾lVflVftnpx{oLhjk{oVtnvm"ytnvx~hslVf`m
bytb%.b%ftytnpftwºoRf¾hj^tbnpftytbr­ T ± IoV^tkÅb%hJlVX¤pu
TTTR¶¤





lVttko¥­`npalLhjnpoRf=oVxm¥lVvlVkx ± ²tms^toVf&u'T G"Bi¶r¤-egf®.oVh{^m¥lVxb
x
u#h{^tbx{oRp`hjnpoRf^#lVxhj^`b©oVvpoD5nvftwZ©oRka 8
P¯1{4VE1{4Èp a N # Ns1  'Nk4 ± R¶
5^tb

















1  }³4  !    E
#
i_ikj"lnm)opm.q




k{lVv¡«Ru !H ¸E # #uÆ5^tb%k{b # npxlVfºlV`tk{oR`k{nvlLhjbÅm%oRftx~hslVfiha`ph{nvtpnpm¥lLh{np£VbOlVmhjoRk@nvfih{k{oLq
yttm%b







oEb%Äm%nvb%fh{x # N'oV ± DR¶lVk{b\xnvaZt¡«ytn¡£¸npytb%y®i«;1  }³4  # ¤-]^`nvxpnvf`b¥lVk|² ¨m¥lVf®BbxoR¡£Rb
yÆuGlVftyhj^`b
k{bb­¸nvx~hjxm%voRxb












































]^`b©`ftm%h{nvoRf P§5^toRxb£VlLvtb%xJoRf¨l·x{b%hoV ¨BoRnvfih{x 'N0=~6 8 9 nvxPZNIlVftyÀhj^#l¦hZanpftnpaZnv%b
xZhj^tb
®.b%ftytnpftwb
ftb%k{wV« 	 o npx
P1





	 Em1 # RhC©CCR #

R &hR ¹RhCC©CR 9 4+A9lVkb1xoRp`hjnpoRfoV(h{^tbvnpftb
lVk5b
¢#lLh{nvoRf  A
 !  C	<E  ·!  ± Dci¶
5nph{^  ®.b%nvftwJh{^tb !=alLhjkn¡­





  4  o 1 
  o 4   o 1  

4
 o 1 o
  4 ¤ ¤ ¤ ¤¤¤
¤¤¤ ¤ ¤ ¤ ¤¤¤
 o 1

































a N # N    'N         MN  nE            

















	 1ªPM47E a N 1ªP1
'NQ4
 P³N34 oqp 








  p 
!C egy  A
 !  C 	 E  ·! 










































	  13·Z4EºL_N  N  ·ªN ´ L_N  N  ·ªN U´ p'CILON¬N  N  ·ªN ´ L_N ´ fN  N  ·ªN
e¯¬bftoVhjb   h{^tbaUl¦hjk{nÉ­xoRv¸hjnpoRf=oL






{4ÈpÇa N   1

 'NQ4¨N ± 0AR¶
5^tb







I  Ï  Ë Ð Í M Ï   M Ï   ©#
xnpfhj^`b x{m
lVªlLkm¥lVxbVu¸nphnpxBoRx{xnv®`vb h{oÅwRb%h7m
poRx{b%y¸q¯©oVk{a©oRk{atªlLx7©oRk   ¤ÇÂ\b%h{h{nvf`wÅnvfih{ohj^tb µGoVtk{npb
kytoRalVnpf&uthj^`b|²  ± ¥¶7®Bb
m%oRaZb
x




1	 A 	4  egy
 
1+}p]4¿1	 A 	4    		 A
]^tbºµ#oRtknvb%kUhjk{lVftx~©oRk{a oV\h{^tbx{m
lVvlVkÈ'lVtvlVm





 	  	   ¤ ]^tx%uI¬b·m¥lVfb­¸tkb
x{x   lVx5lJ©tftm%h{nvoVf=oV   lVfty    8
  E   egy0p

},p     
5^tb
kb     npxhj^tb U@b%x{xnªlVf=alLhjkn¡­oL   s¤
i_ikj"lnm)opm.q
R   (&  	 (
	  






k È'lV`ªlVm%nªlLf9x{`vnpftb ± oRk5hj^tnpf9tvlLh{bx{`vnpftbD¶
nvx  o 1QYRU[4ËE 	 o  $	 o u-lVfty¹hj^tbq³² hj^`nvky¸qgoRkytb
kÈ'lVtvlVm
nvlVf¿x{tpnvf`bnvx >¢1QYRU[4)E 	
   $	 o ± ²`ms^toRf&u
T G"BR¶u`5^tb%k{b	 o EºY o pu[ o ¤
]^`b!UIb
xx{nvlVf9alLh{k{nÉ­oV  >Inpx
 >E Ì  Ì«1 nY o pu[ o 4  $	 o p¢Y o p [ o Ì¢Y]['1fÌ   	 o p O4Ì¢Y][M1ªÌ   	 o p O4 Ì«1 [ o p Y o 4   	 o pn[ o p Y o 
]^tx
u  o nvxIoVhj^tb\©oRka
 o E
 	 o  $	 o p 
 
 Ì«1 ¢Y o p [ o 4   	 o p¢Y o pu[ o
	 Ì 
 
 Y][M1ªÌ   	 o p O4
Ì 
 
 Y][M1ªÌ   	 o p O4 	 o   	 o p 
 






   "  '
¿¤  °   k "  "   » 
  "FP'
)(  °  HY»% "#
[!»¢S
   +y   ²"' " » 
































































































kb%h{btlVnvknvf`wRx # o ¤]^tbJb
f`b
k{wL«9hjoaZnvftnpaZnv%bnpxhj^tx
	<1QxB47E x %#   op   a N   xH1








x01{47E  # Æ1{4p a N   1

 'NQ4¨N ± Bi¶
  ß qÐªÖ Ù Ö j ß	ÔÆ×fÖÊÕªÖIÔ j
  Ü
qÏÔÆÐßKÕªÖIÔ jÚ ×3Ö j³Ù ÕfÛ³Ö j ØßKÕªÏ×  DÖ j Ï×   Ý 
{ÏÔÐßKÕfÖDÔ jÚ ×fÖ j¢Ù ÞÆÏ Ý ÕfÔÐªÖØßÆÕfÛ³Ö j Dß¹ÕfÏÈ×  IÖ j Ï×
µnpwRtk{b8   ''
   " +yHQ   b'
)( °  %  	 	 	   	g ";  Q  "

  )     6	# 	 b¢Q7# ¢  Fg = F7+y   Q¿¾¿  "	)(­7  ¢  =Q¼9
²"p "4 	  "µ²" "K "#!  "   & "# 
	   !   ¸n  "g+y.  "' )yp	 
+y% P  "   "F# 
  (%­      	»Q¼9`    "'%   Q# QyXQ#[ "#   Q Q

  	0 "MQ(
i_ikj"lnm)opm.q
L   (&  	 (
	  
5^tb
kb   npx5hj^tb1x{aZoEoVhj^tnpftw Vb%k{ftb%lVxx{oEm





































































































































¢#lLX¤e¯h@npx@x~hjkjlLnvwR^ih©oRk7lVk{yhjox{b%bhj^tlLh ± 0GR¶ ± RR¶ru ± ¥i¶ ± Lci¶u ± Ti¶ ± Vi¶u ± L¶ ± AR¶ru
± "BR¶ ± c`D¶5lLfty ±  Ti¶ ± cVi¶¤5b




L_NØN3PÆ¹LsÃUÃ¿PÆ ± c AR¶
L_N¡ÆP³NkLsÃUÃ¿PÆ ± cBi¶







Ib%f#lVaZnpftwuÅ  TlVftyT  Å.u¬bx{b%bhj^#l¦h ± cVci¶ ± c"Bi¶¤Ã½¿b9 #f#lVp¡«§^#l¥£VboRft¡« A¹nvfty`b
Bb
ftytb%fih¢#lVytk{lLhjnpm\©oRk{aZx 8
L_N¡ÆPÆLONÃhPnÃ L_NØNQPÆLsÃ¬ÆPnÃ L_N¡¿P¢Ã¿L_N¡ÆPnÃ LONDN3PÆ¹LsÃUÃhP L_N¡ÆPnÃLsÃ¬ÆP³N
  
 8:%'(	1  	'%;82¬%
½*bftoD ©o¸m%txoRf=hj^tbtk{oR®`vb%a 5^`b
k{b$x x^toRtpy9 th®.oLhj^·lm
oRfihjnpftoRtx ©`ftm%h{nvoRf # ru&lVf`y·lUxb%h\oV
ytnpx{m
kb%h{b#lLnvknvftwVx # o ¤T]^`bb%ftb
kwV«hjoZaZnpftnvaZnp
bnvxhj^tx
	<1QxB47E   x %#    o p  Ëa N   xH1





	 1kxB4E    x  #  o{p   a N   x01







k{aZx{1	A 	4+Ëp  1






1fÌÈTC 	 A 'NQ4ruthj^tb\©oRkaUlL&ytn¡°Æb%k{b
fih{nªlLh{nvoVf=oVhj^`nvx5b
f`b















# 'p   a N  
{1




"B   (&  	 (
	  
5^tb





kh{kjlVf`x©oRka oV    ¤¹egf¾h{^tbkb¥lV¬ytoRalVnpf&u-hj^tbU #k{x~hJhjb
ka
   
#  hjk{lVftx~©oRk{aZxÅlLx    # ulVxÅnpf¾x{b%m%hjnpoRfc`¤[?¸npftm
b    nvx1hj^tbµGoVtk{npb
khjk{lVftx©oVk{a oV   14u
	
{1  ÌÈT 	 A 'NQ4   npx hj^tbZµ#oRtknvb%khjk{lVftx~©oRk{a oV   1  'Nk4u&xoh{^tbJx{b%m
oRf`yºh{b
ka hjk{lVftx~©oRk{aZxlVx
   N   1  'NQ4¿1 # o 1'Nk4
 x01'Nk44¤(]^tb5x{oRp`h{nvoRfZhjo\h{^tnvxÇlV`tk{o¥­¸nvalLh{nvoVfUtkoR®tpb
a»npxThj^txÇoVBhj^tb©oRka
x0147E   # Æ1
{4pÇa N   1
 'Nk4 BN
5^tb
kb NVE  ¯1 # o 1'Nk4
 x01







'NQ4Èp a    1
'N
 ]Æ4 
E # o 1'Nk4







±Em1  A  RhCC©CR  A

4 A
È/b%hItx5ftoVh{b  hj^tb1Q2SC S4 1Q2]C S4alLh{k{nÉ­
 E 1   1'N  ]Æ447E

	
  1   4   1




  4 ¤ ¤ ¤ ¤¤¤
¤¤¤ ¤ ¤ ¤ ¤¤¤
  1










 E 11 # o 1 4

 
# Æ144 A RhCCC©R³1 # o 1







fihjx # N uthj^tbb
¢#l¦hjnpoRfh{oZx{oR¡£Rb1nvx






































































































































































































































































Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
